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Abstract
Inspired by the construction of the Gribov-Zwanziger action in the Landau gauge, we introduce a quark model ex-
hibiting both confinement and chiral symmetry aspects. An important feature is the incorporation of spontaneous chiral
symmetry breaking in a renormalizable fashion. The quark propagator in the condensed vacuum turns out to be of a
confining type. Besides a real pole, it exhibits complex conjugate poles. The resulting spectral form is explicitly shown
to violate positivity, indicative of its unphysical character. Moreover, the ensuing quark mass function fits well to exist-
ing lattice data. To further validate the physical nature of the model, we identify a massless pseudoscalar (i.e. a pion) in
the chiral limit and present estimates for the ρ meson mass and decay constant.
1 Introduction
Next to confinement, i.e. the absence of color charged particles in the QCD spectrum, the other crucial non-
perturbative ingredient of QCD is the dynamical breaking of the chiral symmetry (DχSB). The latter is what
ensures most of the meson/baryon mass and what explains the gap between the light pseudoscalar mesons and the
rest of the spectrum due to their Goldstone boson nature. Albeit confinement and DχSB are well appreciated, their
treatment still inspires active research. Even fundamental issues linger interesting, such as the nature of nuclear
matter at large N [1] and the fact that in this limit chiral symmetry may be inhomogeneously broken [2] and
the possibility of an intimate connection between these two completely different phenomena suggested by the
proximity of the corresponding thermal phase transitions observed on the lattice [3, 4].
It turns out to be particularly difficult to have a model that incorporates both features dynamically. Several
efforts have been undertaken in the last years and in different directions. A few examples range from Dyson-
Schwinger equations [5], Hamiltonian models [6], holographic approaches [7] and phenomenologically based
models with massive gluons [8] to Polyakov-extended Nambu-Jona-Lasinio (NJL) [9] or Quark-Meson (QM)
[10, 11, 12] models as well as their extensions with nonlocal interactions [13] and running analyses [14, 15].
In particular, extensions of chiral models that aim at incorporating confinement through Polyakov loops usually
hinder on the unsolved problem of defining a kinetic term for these highly nonlocal objects. Moreover, if one
considers strictly the spectrum of these Polyakov-extended quark models, the presence of asymptotic quarks is
usually unavoidable, obscuring the connection with confinement. The quark degrees of freedom described in those
effective models appear to be different from the ones observed in the infrared regime of lattice QCD simulations
which show that the quark mass function is momentum dependent, attaining a non-vanishing value at the origin
in the chiral limit [16, 17, 18]. Suitable non-local form factors, inspired by confinement, can be added to model
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non-perturbative quark propagators into NJL models (cf. e.g. [19, 20, 21, 22, 23, 24]) and to argue the suppression
of free quarks [25].
One possible complementary way to face the issue of confinement relies on the Gribov approach [26], amount-
ing to taking into account the non-perturbative effects of the existence of Gribov copies which deeply affect the
infrared dynamics of non-Abelian Yang-Mills theories. This has resulted in a local and renormalizable action,
known as the Gribov-Zwanziger action [27], and its more recent refined version [28]. This set up turns out to be
useful in order to capture aspects of gluon confinement. In fact, taking the example of the Landau gauge, a calcu-
lational framework exists for which a set of complex conjugate poles emerges in the gluon propagator, whose tree
level expression obtained from the Refined Gribov-Zwanziger action contains dynamical mass parameters (Mˆ2,
mˆ2,λ4), being given by
D(p2) =
p2+ Mˆ2
p4+(Mˆ2+ mˆ2)p2+λ4
. (1)
Remarkably, expression (1) fits in a very accurate way the most recent lattice data on the gluon propagator [29],
thereby providing estimates for the parameters Mˆ2, mˆ2 and λ4. Using these estimates, this propagator displays
2 complex conjugate poles, indicative of the gluon not being a physical degree of freedom. Moreover, the corre-
sponding Ka¨lle´n-Lehmann (KL) representation for D(p2) displays a nonpositive spectral density, providing further
evidence for the unphysical nature of the gluon [30]. Nevertheless, despite the presence of unphysical poles, the
confining gluon propagator (1) has been shown to provide good estimates of the masses of the first glueball states,
through the evaluation of the correlation functions of the corresponding gauge-invariant composite operators [31].
It is worth underlining here that the Gribov parameter λ induces a soft breaking of the Becchi-Rouet-Stora-
Tyutin (BRST) symmetry1, i.e. a breaking which is relevant only in the deep infrared region, not affecting the
ultraviolet perturbative regime. As it is well known, in a non-confining gauge theory the BRST invariance enables
us to construct the physical subspace associated with the asymptotic fields, guaranteeing the unitarity of the S-
matrix, at least when working with a formal power series in the coupling. On the other hand, in a confining theory
there are no asymptotic states for the elementary fields. In this sense, the existence of a soft breaking of the BRST
symmetry is not necessarily incompatible with the confining character of the theory. Very recently, the first evidence
for the existence of such a soft BRST breaking has been provided by lattice numerical simulations [32].
The aim of the present work is that of using what we have learned in the gluon sector from the Gribov-
Zwanziger framework to construct a non-perturbative renormalizable quark model accounting for both confinement
and dynamical chiral symmetry breaking. As in the case of the gluon propagator, we shall be able to obtain a quark
propagator which reproduces in an accurate way the lattice data. Besides a real pole, the resulting quark propagator
exhibits complex conjugate (cc) poles. It has been discussed in [33] that a quark propagator displaying exactly a
set of cc poles and a real pole does provide a good fit to the numerical solution of the quark propagator’s Dyson-
Schwinger equation. The appearance of cc poles as an effective means to describe non-perturbative QCD dynamics
has received anew attention during the past few years (cf. e.g. [34, 35, 36, 37, 38, 39, 40, 41, 42, 43]). Our goal
here is not only to use a fit of the aforementioned type, but rather discuss a way to find a new vacuum that exactly
displays this type of behaviour for the tree level quark propagator. Furthermore, a detailed study of the obtained
Ka¨lle´n-Lehmann representation shows a violation of reflection positivity, a feature which hinders the standard
physical description of asymptotic propagating quarks, being interpreted as an indication for quark confinement.
Similarly to the gluon sector, a soft breaking of the BRST symmetry shows up also in the quark matter sector,
being related to the mass parameters appearing in the quark mass function of the model. Concerning now the
dynamical chiral symmetry breaking, the model enables us to identify a set of local composite operators whose non-
vanishing vacuum expectation values account for the chiral symmetry breaking, with the pion field corresponding
to the associated (pseudo)Goldstone mode. Moreover, as in the case of the glueballs, the confining and positivity
violating quark propagator allows for mass estimates of the meson spectrum, through the analytic evaluation of the
spectral density for the correlation functions of local gauge invariant mesonic operators, as illustrated in the case
of the mass and decay constant of the ρ meson.
In summary, we shall present a confining quark model exhibiting the following features:
• a non-perturbative quark propagator with a massive-like behaviour in agreement with lattice data;
• violation of reflection positivity, indicative of the unphysical nature of quarks;
1. We refer to Section 2 for some more details, next to the existing literature [45].
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• renormalizability, to describe quark dynamics over the whole momentum range, including its ultraviolet
behaviour given by perturbative QCD;
• dynamical breaking of the chiral symmetry with the identification of the massless pion in the chiral limit;
• bound state poles in adequate composite operators, allowing for estimates of meson masses.
The paper is organized as follows. In Section 2 we remind briefly the Gribov-Zwanziger framework and we present
the construction of the confining quark model. Section 3 is dedicated to the description of the dynamical chiral
symmetry breaking and to the identification of the pion mode in our model. In Section 4 we give a detailed account
of the violation of the reflection positivity of the quark propagator. Section 5 outlines the analytic evaluation of the
ρ meson spectral function and the estimate of its mass and decay constant. Finally, a summary and outlook can be
found in Section 6. We have collected some technical details in a set of Appendices.
2 A confining quark model
In this Section, the model is constructed emphasizing the origin of the non-perturbative gauge and quark dynamics.
The reduction to QCD in the ultraviolet regime and the construction of an effective action for the infrared region
will be also discussed.
2.1 Non-perturbative gluons via the Gribov horizon
We initiate from the QCD action in 4d Euclidean space2, but we add an extra piece:
S=
∫
d4x
(
1
4
F2µν
)
+SLandau+
∫
d4x
(
ψD/ψ−λai∂µDabµ λbi−ξ
ai
∂µDabµ ξ
bi−∂µξaig f acbDcmµ cmλbi
)
. (2)
The λ
ia
, λia are a set of (anticommuting) spinor fields while ξ
ia
, ξia a set of (commuting) spinor Grassmann fields.
They carry a double color index (i,a), with i, resp. a referring to the fundamental, resp. adjoint representation.
Here, Dabµ = ∂µδab−g f abcAcµ is the covariant derivative in the adjoint representation.
This particular setup was first introduced in [43, 44] in order to couple the nontrivial dynamics related to the
Landau gauge Faddeev-Popov operator, −∂µDabµ , to non-perturbative quark dynamics. To describe infrared gluon
dynamics (which is most probably a crucial factor for the dynamics behind chiral symmetry breaking), a non-
perturbative Landau gauge fixing as the (Refined) Gribov-Zwanziger scheme can be selected [26], but also other
schemes like that of [46] are possible. For the RGZ case, we have in particular
SLandau =
∫
d4x
(
ba∂µAaµ+ c
a∂µDabµ c
b+ϕacµ ∂νD
ab
ν ϕ
bc
µ −ωacµ ∂νDabν ωbcµ −g f amb∂νωacµ Dmpν cpϕbcµ
)
+
∫
d4x
(
γ2g f abcAaµ(ϕ
bc
µ +ϕ
bc
µ )− Mˆ2(ϕabµ ϕabµ −ωabµ ωabµ )+
mˆ2
2
AaµA
a
µ−4γ4(N2−1)−
ζ(g2)
2
mˆ4
)
(3)
where γ2 is a mass parameter related to the restriction of the gauge field path integration to the Gribov region Ω,
while M˜2 and m˜2 are dynamically generated mass scales which stabilize the vacuum [26]. The vacuum term ∝ m4
is necessary to ensure compatibility with a linear renormalization group equation [26, 47], with ζ(g2) a calculable
renormalization group function. In general, γ2 must obey a gap equation, given by
∂Evac
∂γ2
= 0 . (4)
In the absence of quarks, the RGZ dynamics is well compatible with lattice data3 [29]. We recall here that the
Landau gauge ∂µAaµ = 0 admits multiple solutions, thereby invalidating the standard Faddeev-Popov quantization.
An infinitesimal gauge transform of Aaµ→ Aaµ+Dabµ ωb will respect the Landau gauge if −∂µDabµ ωb = 0, i. e. when
the Faddeev-Popov operator −∂µDabµ has (normalizable) zero modes. The Gribov region Ω is defined via
Ω=
{
Aaµ
∣∣∣∂µAaµ = 0 ,∂µDabµ > 0} (5)
2. We did not write bare quark masses, even though they will be taken into account later on in the paper. For simplicity of presentation, we
work with one flavour here, see the end Section 3 for a comment related to this. The method is however straightforwardly generalizable to the
multiflavour case.
3. In the presence of dynamical quarks, the RGZ gluon fits have not yet been studied in detail.
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and the restriction to Ω thus removes the (at least the infinitesimal) gauge copies. The action (3) – together with
the gap equation (4) – implements such restriction in a practical fashion [26].
The additional (fermion) fields appearing in (2) are perturbatively trivial, as the underlined piece constitutes a
unity. The first two terms can be integrated out exactly and cancel each other’s contribution, while the third term
∂µξaig f acbDcmµ cmλbi does not play any role as it cannot be coupled to ghost number zero quantities because the
ghost field c appears without its antighost partner c. It must however be present to ensure the invariance of the new
piece in the action under the (extended) BRST transformation
sAaµ = −Dabµ cb , sca =
g
2
f abccbcc , sca = ba , sba = 0 ,
sωabµ = ϕ
ab
µ , sϕ
ab
µ = 0 , sϕ
ab
µ = ω
ab
µ , sω
ab
µ = 0 ,
sψi = −igcaT ai jψ j , sψi =−igψ jcaT aji ,
sξ
ai
= λ
ai
, sλ
ai
= 0 , sλai = ξai , sξai = 0 . (6)
The action is thus perturbatively equivalent to the case as if the new fermion fields would be absent4, in particular
should its symmetry content be. We treat the new fields as chiral singlets, as their quadratic form is not of the usual
kind. We nevertheless recover the chiral symmetry under
δ5ψ= iγ5ψ , δ5ψ= iψγ5 , δ5(rest) = 0. (7)
2.2 Soft BRST breaking and emergent non-perturbative quark dynamics
We now point out that the restriction to the Gribov region softly5 breaks BRST symmetry, since
sSLandau =
∫
d4x
(
γ2g f abcDakµ c
k(ϕbcµ +ϕ
bc
µ )+ γ
2g f abcAaµω
b
µc
)
(8)
This BRST breaking has recently received support from lattice simulations [32], in which case the restriction to the
Gribov region is always present. Indeed, the Landau gauge is imposed numerically via a minimization, along the
gauge orbit, of
∫
d4x A2µ, unequivocally implying that ∂µAaµ = 0 (vanishing first order variation) and −∂µDabµ > 0
(positive second order variation).
Since the gluon sector, with its BRST breaking, is coupled to the quarks and to the new fermion sector via
the Faddeev-Popov operator, it can be expected that the BRST breaking effects will also manifest themselves in
the whole fermion sector. In the current paper, we will therefore adopt this as our working hypothesis. In fact, we
will see that this also offers an opportunity to discuss chiral symmetry breaking and confinement (in the sense of
violation of reflection positivity by the fundamental degrees of freedom and existence of physical bound states),
providing us with a quark propagator that can describe quite well the corresponding lattice data (see also [43]).
The soft breaking of the BRST invariance in the gluon sector can be reinterpreted by means of an exact non-
perturbative Ward identity which leads to a non-perturbative modification of the standard BRST transformations,
see [49, 50]. This non-perturbative BRST unbroken symmetry can in principle be generalized to the quark sector,
thereby providing a BRST invariant extension of the here described non-perturbative quark dynamics. We leave a
further study of these matters to future work.
In our approach, the transmission of soft BRST breaking to the quark sector is encoded in the generation of
nonzero condensates of composite operators involving the matter and the auxiliary fields. Consider next the local
composite operators (it is useful to record the mass dimensions: dim[ψ,ψ] = 3/2 and dim[λ,λ,ξ,ξ] = 1)
O1 = λ
ai
T ai jψ
j+ψiT ai jλ
j ,
O2 = λ
ai
λai+ξ
ai
ξai (9)
with dim[O1] = 5/2 and dim[O2] = 2. The mixed fermion condensate 〈O1〉 serves as an order parameter for chiral
symmetry, since we have
O1 =−δ5pi with pi=−i
(
λ
ai
T ai jγ5ψ
j+ψiT ai jγ5λ
j
)
(10)
4. In the recent work [48], a similar premise was adopted to obtain “extended QCD”.
5. With softly, we mean proportional to a mass parameter. This also entails that at large momenta, such mass scale should become irrelevant,
returning the physics back to the standard Faddeev-Popov one.
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We shall later on show that pi corresponds to the pion, viz. a massless pseudoscalar in the chiral limit.
Let us now discuss in brief how to construct the underlying effective action, Γ, for the non-perturbative dynam-
ics related to 〈O1〉 and 〈O2〉. We introduce 2 scalar sources, J and j, coupled to O1 and O2, with dim[J] = 3/2,
dim[ j] = 2,
S→ S+
∫
d4x
(
JO1+ jO2−χ(g2) j
2
2
)
(11)
as derivation w.r.t. the sources allows to define the quantum operators. As noted before, the function χ(g2) is
indispensable for a homogeneous linear renormalization group for Γ, while its value can be consistently determined
order by order, making it a function of the coupling g2. It reflects the vacuum energy divergence ∝ j2. We refer to
[51, 52] for the seminal papers plus toolbox concerning this so-called Local Composite Operator (LCO) method.
As an important asset of 4d quantum field theory is its multiplicative renormalizability, this property needs to be
established for eq. (11). Using a more general set of sources, this can be proven to all orders of perturbation theory,
see for instance [44]. In particular, an important consequence of the proof is the absence of pure vacuum terms in
J. Although RG controllable, we need a workable action description as the nonlinear χ(g2) j
2
2 clouds the energy
interpretation and outruns standard 1PI formalism [53]. This can be overcome by a double Hubbard-Stratonovich
(HS) unity:
1 =N
∫
[dσdΣ]e−
1
2χ
∫
d4x(σ−χ j+O2)2e−
1
2Λ
∫
d4x(Σ−ΛJ+O1)2 , (12)
leading to an equivalent action,
S f +S j,J ≡
∫
d4x
(
1
4
F2µν+ψD/ψ−λ
ai
∂µDabµ λ
bi−ξai∂µDabµ ξbi−∂µξaig f acbDcmµ cmλbi
)
+
∫
d4x
(
σ2
2χ
+
σ
χ
O2+
O22
2χ
+
Σ2
2Λ
+
O21
2Λ
+
Σ
Λ
O1−σ j−ΣJ+ΛJ2
)
. (13)
Amusingly, contrary to its usual purpose, the HS transformation consistently introduces quartic fermion interac-
tions that are harmless from the renormalization viewpoint, this in contrast to the NJL quartic fermion interactions.
We may discard the J2 term in (13), since it is irrelevant for RG purposes: without changing the physics, we could
have added a canceling −ΛJ2 to the action (11). The sources now appear linearly. Acting with
∂
∂{ j,J}
∣∣∣∣
j=J=0
(14)
on both partition functions, i.e. before and after the HS transformation, provides with the correspondences:
〈Σ〉=−〈O1〉 and 〈σ〉=−〈O2〉 . (15)
Λ is a mass dimension 1 parameter, necessary to end up with the appropriate mass dimensions throughout, since
dim[σ] = 2, dim[Σ] = 5/2. Λ will not enter any physical result if we were to compute exactly, as the under-
lying transformation (12) constitutes just a unity. In a loop expansion, Λ will unavoidably enter any calculated
quantity. However, assuming that passing to higher order one gets closer to the exact result, which encompasses
Λ-independence, we can fix Λ in a case-by-case scenario by the principle of minimal sensitivity (PMS) [54]: we
look for solutions of ∂Evac∂Λ = 0 or higher derivatives if the latter eq. has no zeros. In principle, Γ itself could be
examined using the background field method [55]; then we do no longer need the sources and can set them to zero.
Finally, if the dynamics would decide that 〈Σ〉 = 〈σ〉 = 0, then we are dealing with nothing else than QCD
without DχSB, as the trivial and thus irrelevant unities can be integrated out. If, on the contrary, 〈Σ〉 6= 0 by means
of dimensional transmutation, we find ourselves in a vacuum where chiral invariance is dynamically broken. We
draw attention to the invariance of the action itself, δ5S f = 0, since naturally δ5Σ = −δ5O1. The roˆle of 〈σ〉 is to
furnish a dynamical mass for the auxiliary fermion fields.
It is immediate to see that dynamically obtaining a mass scale coupled to the operator O1 will correspond to a
(soft) BRST breaking in the fermion sector, as
sO1 = ig2λ
ai
T ai jc
bT bjkψ
k− ig2ψkcbT bkiT ai jλa j−gψiT ai jξa j (16)
5
Figure 1: Lattice quark mass function [16] with its fit M (p2).
Given the soft BRST breaking term in the gluon sector (due to the Gribov restriction), this provides a scenario of
“mediated” soft BRST breaking into the fermion sector, thereby giving a dynamical ground to the study presented
in [43]. We have in this way a dynamical picture for quark confinement via positivity violation as a result of the
non-perturbative gauge dynamics.
With a bare quark mass µ, the tree level quark propagator of the model yields
〈ψψ〉p =
ip/+M (p2)
p2+M 2(p2)
, M (p2) =
〈Σ〉2 /Λ2
p2+ 〈σ〉 +µ (17)
The momentum dependent non-local mass functionM (p2) is a result of the chiral symmetry breaking, in the sense
thatM (p2) = 0 if chiral symmetry would be realized in the vacuum, since then 〈Σ〉=−〈O1〉= 0 as O1 is the chiral
variation of another operator, eq. (10). The foregoing tree level functional form has been applied in fits to lattice
quark propagators in [17, 16, 18, 56]. Using the data of [16] (in particular, their Figure 5), we consider light quarks,
with current mass µ= 0.014 GeV. The dynamical quark mass can be fitted excellently with
M (p2) =
M3
p2+m2
+µ with M3 = 0.1960(84) GeV3 ,m2 = 0.639(46) GeV2 (χ2/d.o.f. = 1.18) . (18)
see also Figure 1.
This corroborates the relevance of our model, since we end up with a quark propagator in a nontrivial vacuum,
whose functional form is consistent with the non-perturbative lattice counterpart. Moreover, we did not make any
sacrifices with respect to the renormalizability and, in the absence of condensation, our action is equivalent to
that of perturbative QCD. Moreover, as we shall see below, our quark propagator explicitly displays a positivity
violation, thereby showing that the quark degrees of freedom cannot be part of a physical subspace; this can be
interpreted as a signal of confinement. Furthermore, the physical spectrum of the model will be composed of bound
states of these unphysical fundamental fields, as we will discuss in Section 5.
The same tree level quark propagator was already discussed before in [57] albeit using an ad-hoc renormalizable
model. Before continuing, we wish to point out here that a momentum dependent quark mass also showed up in an
instanton based analysis of the QCD vacuum [58, 59] or by solving the Dyson-Schwinger equation for the quark
propagator [60, 61].
For now, we will take advantage of the foregoing lattice studies to fix our condensates. This will provide us
with a tree level quark propagator, with the global form factor Z ≡ 1. Including loop corrections on top of the non-
perturbative vacuum will lead to Z(p2), as also seen in e.g. Figure 5 of [16], which however only deviates mildly
from 1 over a large range of momenta: the tree approximation Z = 1 appears to be valid. In the future, we hope
to come back to an explicit self-consistent computation and analysis of the effective action. As the LCO method
necessitates the computation of (n+1)-loop divergences/anomalous dimensions to get the correct (renormalization
group compatible) n-loop result, see [51, 52], this is a tremendous effort that deserves separate attention. For the
benefit of the reader, let us give a short overview here of the LCO method. We ought to depart from the action S f ,
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eq. (13), and we will work in the background field formalism. We can set the sources to zero and write
σ= 〈σ〉+ σ˜ , Σ= 〈Σ〉+ Σ˜ , (19)
where the tilde-fields are the fluctuations around a possible nonzero vacuum expectation value. We can then inte-
grate out all fluctuations to arrive at the vacuum effective action,
Γ(〈σ〉 ,〈Σ〉 ,Λ,χ) . (20)
Γ will depend on the condensates 〈σ〉, 〈Σ〉, as usual, but also on the parameters introduced via the double HS unity
in (12), namely: the hitherto free parameter χ and the (renormalization-group invariant) PMS scale Λ. For any
value of Λ, the functional Γ should obey a standard linear homogeneous renormalization group equation,[
µ
∂
∂µ
+β(g2)
∂
∂g2
+ γσ(g2)
∂
∂〈σ〉 + γΣ(g
2)
∂
∂〈Σ〉
]
Γ= 0 , (21)
where µ is the renormalization scale, and β(g2), γσ(g2) and γΣ(g2) the anomalous dimensions of g2, σ and Σ. As
explained in [51, 52], this is not automatically so, unless χ, that also runs with the scale µ, is fixed order by order
in perturbation theory in a unique (analytical) way via a Laurent series expansion in the coupling,
χ=
χ0
g2
+χ1+χ2g2+ . . . . (22)
In practice, the coefficients χi can be obtained from imposing the renormalization-group equation (21) to hold
order by order. As such, the χi get related – via the other anomalous dimensions – to the µ-dependent logarithms
(and thus to the renormalized divergences) present in the vacuum functional. The price one has to pay for this, as
said before, is that e. g. χ0 that enters the tree level vacuum energy is related to a one-loop logarithm term, etc. This
will always require (n+1)-loop computations to fix the χi up to n-loops.
Notice that, unlike the a priori free mass scale Λ, the dimensionless parameter χ cannot be chosen at will. It
must obey its renormalization group equation. Λ on the other hand will not run.
3 Dynamical χSB and massless pion in the chiral limit of the confining model
Let us now scrutinize whether we can introduce a pion field. We consider 〈Σ〉 6= 0 and the already introduced field
pi [we assume the chiral limit here, µ= 0]. Using S f , the chiral current is easily derived to be j5µ =ψγµγ5ψ. In what
follows, we shall adapt the standard derivation, presented in e.g. [62]. The correlation function
Gµ(x− y) = 〈 j5µ(x)pi(y)〉 (23)
is subject to
∂µGµ(x− y) = δ(x− y)〈Σ〉 (24)
using either a path integral or a current algebra argument. Fourier transforming and using the Euclidean invariance
yields
Gµ =
pµ
p2
〈Σ〉 (25)
To close the argument, we consider the S -matrix element of the current destroying a pion state,
〈 jµ5(x)pi(p)〉 ∝ pµe−ipx (26)
which is related to the amputated propagator when the pion is put on-shell. Assuming a pion mass mpi, we would
get
〈 jµ5(x)pi(p)〉 ∝ lim
p2→−m2pi
(p2+m2pi)Gµ(p)e−ipx (27)
with pion propagator
〈pipi〉p2∼−m2pi ∝
1
p2+m2pi
(28)
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Recombination provides us with
lim
p2→−m2pi
(p2+m2pi)Gµ(p) ∝ pµ (29)
and having already shown eq. (25), we must require m2pi = 0, i.e. pi does describe a massless particle.
It is instructive to notice that, using the tree level action stemming from (13) in the condensed phase, we can rewrite
pilowest order ∝ ψ
Σ/Λ
−∂2+ 〈σ〉γ
5ψ (30)
by means of the equations of motion of the auxiliary fermions. We recognize a nonlocal version of the usual
pseudoscalar pion field. This is not a surprise, since the action (13) itself becomes a nonlocal quark action upon
integrating out the extra fermion fields in the condensed phase.
At this point, one may wonder what is the relation between the condensate 〈Σ〉 introduced here and the standard
chiral condensate 〈ψ¯ψ〉. As already discussed above, when 〈Σ〉 = 0, the theory is chirally symmetric and the
auxiliary fermion fields can be integrated out trivially, yielding the standard QCD action with massless quarks. It
is then straightforward to see that the chiral condensate 〈ψ¯ψ〉 must be zero order per order in perturbation theory
whenever 〈Σ〉 vanishes. We remind here the goal of our model is to work with perturbation theory on top of a
non-perturbative vacuum. If the vacuum is unchanged compared to standard perturbative QCD, we will of course
not have chiral symmetry breaking in perturbation theory. The opposite is also true: if 〈Σ〉 6= 0, then the chiral
invariance of the (now non-perturbative) vacuum is lost and thus the chiral condensate 〈ψ¯ψ〉 will be nonzero order
per order. For example, in the chiral limit (µ= 0) and working at leading (quadratic) order, we find, analogously to
[63],
〈ψψ〉=
∫ d4p
(2pi)4
Tr〈ψ(−p)ψ(p)〉=
∫ d4p
(2pi)4
M (p2)
p2+M 2(p2)
∝ 〈Σ〉 . (31)
Therefore, one concludes that 〈Σ〉 and 〈ψ¯ψ〉 are both order parameters for the chiral transition, and as such they
are equally well-fitted to describe DχSB.
Strictly speaking, the above analysis is not entirely correct as we kept using the single flavour setup, in which
case it is known that the chiral anomaly hampers the chiral symmetry in the single quark flavour sector. The purpose
of this section was however to merely to illustrate that the new pion field is massless based on a current algebra
argument. A completely analogous argument can be written down for e.g. the physically more relevant two flavour
sector, in which case the chiral anomaly does not interfere with the masslessness of the usual pi0,± pion fields.
It is anyhow interesting to point out that the anomaly itself is unchanged in our setup. Indeed, unlike the NJL
model, we keep the gauge fields present. There is thus no need to model in anomaly driven (chirally non-invariant)
interactions via e.g. a ’t Hooft determinant or 6-quark vertices. The chiral transformation itself is also unchanged,
cf. the natural extension written down in eq. (7). A first consequence is the already mentioned fact that the standard
expressions for the chiral current will not be affected compared to the QCD case. As a second consequence, we
can follow the classic Fujikawa path integral derivation [64] to find that the potential anomalous contribution to the
currents’ divergence will be proportional to the appropriate pseudoscalar quantity FF∗. Said otherwise, nothing
will change in our model in the anomalous sector compared to QCD itself.
4 Violation of reflection positivity for quarks
Having accomplished a consistent non-perturbative quark model with the correct chiral behavior, it remains to
address the issue of reflection positivity and its violation. The particular goal of the current Section is that of
showing that the quark model proposed indeed presents quark degrees of freedom which violate this property
being thus absent from the physical spectrum. Nevertheless, for the benefit of the reader, we shall briefly discuss
first on general grounds the property of reflection positivity for Dirac fermions6 and then present the results for our
model.
Notice however we do not proclaim that positivity violation of quarks is equivalent to confinement, the lat-
ter being anyhow a delicate topic to define in presence of dynamical quarks [65]. We are not able to derive, via
the Wilson loop, a linear piece in the interquark potential for sufficiently small interquark distance (to avoid pair
6. A previous account of positivity violation in the case of quarks can be found in the context of Dyson-Schwinger equations [70].
8
production) using a fixed order of perturbation theory with our model. To our knowledge, there is actually no func-
tional method capable so far of providing such potential, unless strongly infrared divergent propagators/vertices (a
fact not supported by lattice data) are used as in [66]. Nevertheless, non-perturbative propagators can be connected
to confinement via the Polyakov loop at finite temperature, see [34, 67] for the example with a gluon propagator
of the Gribov type. Our main observation is that, in the absence of quark positivity, quarks cannot be observable
quantities. A similar viewpoint was scrutinized in more detail in [68, 69].
In quantum field theory a given field may be associated with a physical particle (with a propagating asymptotic
state) if one is able to define a probability of particle propagation through 2-point correlation functions of this
field. In general, necessary properties of a probabilistic description are well known: the conditions of positivity and
unitarity. Let us focus on the positivity condition. A field with physical particle interpretation must thus display a
2-point correlation function that can be associated with a positive norm. If that is not the case for any given field,
than the associated quantum field theory should be regarded as a statistical description of these objects, which of
course cannot receive a particle interpretation and as such shall not be part of the physical spectrum predicted by
the theory.
It is an intricate problem to define these conditions in formal terms, but the positivity condition may be formal-
ized as the Osterwalder-Schrader axiom of reflection positivity [71, 72]:∫
d4xd4y f¯ (−x0,~x)∆(x− y) f (y0,~y)≥ 0 (32)
where ∆(x− y) is (a scalar function extracted from) the two-point correlation function in coordinate space with
explicit translation invariance and f (x0,~x) represents any complex-valued test function with support for positive
times. In the mixed coordinate-momentum representation we arrive at:∫ ∞
0
dtdt ′ f¯ (t ′,~p)∆(−(t− t ′),~p) f (t,~p)≥ 0 , (33)
which should be satisfied for all values of three-momentum ~p. It is clear that if ∆(−(t− t ′),~p) is negative within
any domain, than it is easy to find a test function that will pinpoint this negative region and violate the inequality.
The demonstration of posivity violation may be done thus by looking for a negative region of ∆(−(t− t ′),~p). For
zero momentum, one has in particular the condition of positivity of the Schwinger function:
∆(t) =
∫
dp4eit p4∆(p2 = p24) , (34)
where we have used the fact that ∆ is a scalar function extracted from the corresponding propagator, which is in
general a function of p2.
The nontrivial task that remains is to find out the appropriate scalar part of the propagator. For non-scalar fields
this is not as straightforward. Our strategy here (following [73]) is to write down the spectral representation for
standard Dirac fermions, keeping track of the positive definite quantities in the process. In the end, one identifies
two scalar Schwinger functions ∆+(t) and ∆−(t) that must satisfy positivity conditions and relates them to the
vector and scalar Schwinger functions ∆v(t) and ∆s(t), the definition of which follow shortly. The scrutinization of
the standard case provides then the positivity conditions to be tested for in our non-perturbative quark propagator
in order to prove the absence of asymptotic particle description and the existence of confinement in this sense.
We may summarize the procedure of search for positivity violation in a fermionic propagator in Euclidean
space in the following way (a detailed derivation can be found in Appendix A). The input is the propagator in
momentum space:
∆E(/p) = −i/pσv(p2)+σs(p2) . (35)
The Schwinger functions are then computed using simple Fourier transforms:
∆v(t) =
1
2pi
∫ ∞
−∞
dpeiptσv(p2), (36)
∆s(t) =
1
2pi
∫ ∞
−∞
dpeiptσs(p2), (37)
which in turn should be tested under the two positivity conditions (valid for all times t):
1. ∆v(t)≥ 0,
2. −∂t∆v(t)≥ ∆s(t).
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4.1 Results for the Schwinger functions of the non-perturbative fermion propagator and positivity
violation
From the quark propagator in our confining model, eq.(17), the appropriate scalar functions to be used to test for
positivity may be read out:
σv(k2) =
1
k2+M 2(k2)
, (38)
σs(k2) =
M (k2)
k2+M 2(k2)
, (39)
from which one can easily compute the Schwinger functions ∆I(t) through Fourier transforms.
In Figures 2 and 3 we plot quantities that should satisfy the positive conditions derived above. One observes
thus a clear violation of both positivity conditions by the tree-level quark propagator in our non-perturbative model,
guaranteeing their absence from the physical spectrum of the theory, in agreement with what one expects from the
confinement phenomenon.
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Figure 2: First positivity condition for the quark propagator in the confined model.
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Figure 3: Second positivity condition for the quark propagator in the confined model.
Although the scale t∗ at which the quark positivity violation sets in appears to happen at a relatively large value
of t, in units of inverse GeV, we are actually unaware of any restriction applicable to the value of this scale. As we
reminded earlier in this Section, the existence of a positivity violation of a given Euclidean correlation function
forbids its physical particle interpretation in Minkowski space irrespective of the particular scale at which it has
been detected. Looking in more detail at the positivity requirement, this is actually defined through the use of test
functions. Depending on the choice of the test function one uses, the zero-crossing might happen at quite different
scales. For the gluon, the available positivity-violation studies (in lattice simulations or in continuum approaches
like Dyson-Schwinger or Refined Gribov-Zwanziger) find a crossing scale of the same order of the QCD scale.
This fact could induce to the expectation that both scales should be of the same order, but no direct link between
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this scale and the fundamental QCD scale is known. Indeed, the only detailed work using a different approach to
study the positivity violation in the quark sector is, to our knowledge, Ref. [33], which combines Dyson-Schwinger
equations to fits of available lattice data at the time. Also there, the crossing seems to happen at relatively large
values of t. In the current analysis we also have systematic effects that are expected to shift the value of the
scale t∗. Since we ignored the effects of Z(p2) 6= 1 (see the end of Section 2), including finite wave function
renormalization effects can shift the value of t∗. It is also worth recalling that we are referring, in our propagator
fits, to lattice data related to larger-than-physical current quark masses. There is a factor 3–5 in the current quark
mass, so this probably gives (using a scaling like the Gell Mann-Oakes-Renner relation) a factor of
√
3–
√
5 in the
relevant hadronic scales and in the energy scale of the onset of quark confinement. A similar factor might influence
t∗, despite the fact that t∗ is far from being a physical hadronic scale.
5 Bound state spectrum in the confining quark model: the example of the ρ-meson
As the proposed framework displays the desired chiral properties as well as the absence of asymptotic quarks,
we should address further its physical spectrum, given by bound states of the unphysical fundamental degrees of
freedom, i.e. the confined quarks. As a representative example, let us construct and solve a gap equation for the
(charged) ρ± meson mass and decay constant under suitable simplifying approximations. We consider degenerate
up (u) and down (d) quarks with current mass µ= 0.014 GeV. Again, our input will be the dynamical quark mass
with parameters fitted from the lattice data (cf. Figure 1 and eq. (18)). We are ultimately interested in obtaining a
pole in the charged ρ-meson channel, corresponding to a bound state.
5.1 The charged ρ-meson correlator
We may generalize the technology set out in [40] to the QCD case. The basic idea is to compute 2-point functions
of appropriate composite operators and show that they can be associated with the propagation of a physical particle,
i.e. that one can construct a Ka¨lle´n-Lehmann spectral representation for these correlators.
We need the operators ρ−µ = uγµd, ρ+µ = dγµu and their correlation function. We consequently consider
〈
ρ−µ (x)ρ
+
ν (y)
〉
=
∫ d4kd4qd4k′d4q′
(2pi)16
e−i(k+q)·x−i(k
′+q′)·y 〈u(k)γµd(q)d(k′)γνu(q′)〉 , (40)
where up to tree level we find〈
u(k)γµd(q)d(k′)γνu(q′)
〉
= Tr
[
δ(k+q′)〈uu〉k γµδ(k′+q)
〈
dd
〉
q γν
]
, (41)
using the quark propagators in momentum space given in eq. (17). Thence,
〈
ρ−µ (x)ρ
+
ν (y)
〉
=
∫ d4kd4q
(2pi)8
e−i(k+q)·(x−y)
Tr
{
[i/k+Mu(k2)]γµ[i/q+Md(q2)]γν
}
[k2+M 2u (k2)][q2+M 2d (q2)]
=
∫ d4k
(2pi)4
e−ik·(x−y)
〈
ρ−µ ρ
+
ν
〉
k ,
with
〈
ρ−µ ρ
+
ν
〉
k =
∫ d4q
(2pi)4
Tr
{
[iγρ(kρ−qρ)+Mu
(
(k−q)2)]γµ[iγσqσ+Md(q2)]γν}
[(k−q)2+M 2u
(
(k−q)2)][q2+M 2d (q2)] . (42)
Using standard results for the trace over γ-matrices,
Tr
[
γµγν
]
= 4δµν ,Tr
[
γργµγσγν
]
= 4[δρµδσν−δρσδµν+δρνδµσ] ,Tr
[
odd number of γ′s
]
= 0 , (43)
we arrive at
〈
ρ−µ ρ
+
ν
〉
k = 4
∫ d4q
(2pi)4
−kµqν− kνqµ+2qµqν+δµν(k ·q−q2)+δµνMu
(
(k−q)2)Md(q2)
[(k−q)2+M 2u
(
(k−q)2)][q2+M 2d (q2)] . (44)
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In the case of degenerate up and down quark mass, the following correlator is transverse thanks to the EOMs and
therefore guaranteed to describe a massive spin 1 particle:
〈ρ−µ ρ+ν 〉k =
1
3
(
δµν− kµkνk2
)
〈ρ−ρ ρ+ρ 〉k . (45)
Explicitly, we have〈
ρ−ρ ρ
+
ρ
〉
k
= 8
∫ d4q
(2pi)4
f−+ρ (k,q)
1[
(k−q)2[(k−q)2+m2]2+{M3+µ[(k−q)2+m2]}2]
1[
q2
[
q2+m2
]2
+
{
M3+µ
[
q2+m2
]}2] , (46)
where we have defined
f−+ρ (k,q) = [q · (k−q)]
[
(k−q)2+m2]2[q2+m2]2+
+2
{
M3+µ
[
(k−q)2+m2]}[(k−q)2+m2]{M3+µ[q2+m2]}[q2+m2] . (47)
From the knowledge of the poles of the propagator, solutions y0 =−ω and y± = (−ωr± iθ) of the following cubic
equation
y
[
y+m2
]2
+
{
M3+µ
[
y+m2
]}2
= 0 , (48)
we may decompose each propagator appearing in (46) as
1[
q2
[
q2+m2
]2
+
{
M3+µ
[
q2+m2
]}2] = Rq2+ω + R+q2+ωr+ iθ + R−q2+ωr− iθ , (49)
where R and R± can be obtained from ω,ωr and θ. In appropriate GeV units, we find
R≈ 2.467 ,ω≈ 0.849 ,R± ≈−1.234± i15.121 ,ω± = 0.214± i0.052 . (50)
With the previous numbers filled in, we encounter a real pole and a pair of cc poles, corresponding to the i-
particles of the seminal works [41] where it has been discussed how a pair of such poles can be combined to give
a physical, i.e. consistent with the Ka¨lle´n-Lehmann representation, contribution to the bound state propagator. For
the remainder of this work, we shall thence only be concerned by this physical part of the correlator, under the
assumption that any unphysical piece, originating from combining poles in pairs that are not cc, will eventually
cancel out when a full-fledged analysis and methodology to deal with i-particles would become feasible. Taking
this result in eq. (46), only the terms combining two Yukawa poles (ω) or complex-conjugate poles (ωr± iθ with
ωr∓ iθ) will contribute to the physical part of the spectral function we are interested in. Thus we may write:〈
ρ−ρ ρ
+
ρ
〉
k
= 8
∫ d4q
(2pi)4
f−+ρ (k,q)
{
R2[
(k−q)2+ω][q2+ω] + R+R−[(k−q)2+ωr+ iθ][q2+ωr− iθ]
+
R−R+[
(k−q)2+ωr− iθ
][
q2+ωr+ iθ
]}+{unphysical} , (51)
5.2 The spectral representation
In order to search in the next Section for a physical pole associated with the charged ρ-meson, we need to obtain
the spectral representation of the correlator (51). Following [74], we can use the Cutkosky cut rules and their
generalization for the case of complex poles to derive the spectral function ρ−+(τ):
ρ−+(τ= E2) =
1
pi
Im
〈
ρ−ρ ρ
+
ρ
〉
k=(E,~0)
, (52)
associated with the correlation function
〈
ρ−ρ ρ+ρ
〉
k
given in eq. (51).
12
The general result we shall apply to each part of eq. (51) corresponds to Sections 2.1 and 2.2 of [74] and is
stated as follows7. Let
F (k,m1,m2) =
∫ ddq
(2pi)d
f (k,q)
1
(k−q)2−m21
1
q2−m22
, (53)
where f (k,q) is a Lorentz scalar, being thus a function of (and only of) the available scalars: (k−q)2 =m21, q2 =m22,
and 2q · (k−q) = E2−m21−m22. Then
Im F (k = (E,~0),m1,m2) =
1
2
∫ ddq
(2pi)(d−2)
f ((E,~0),q) θ(E−q0)δ[(E−q0)2−ω2q,1]θ(q0)δ[(q0)2−ω2q,2] , (54)
with ω2q,i ≡~q2+m2i . After carrying out the momentum integrations, we arrive at:
Im F (k = (E,~0),m1,m2) =
1
8
1
2d−3pi(d−3)/2Γ((d−1)/2)
|~q0|d−3
E
f
(
(E,~0),(ω0,2,~q0)
)
, (55)
where we have defined:
|~q0|2 ≡ (E
2−m21−m22)2−4m21m22
4E2
, ω20,i ≡ |~q0|2+m2i , (56)
with ω0,2 = E−ω0,1.
In eq. (51), we have three physical contributions of the form (53), explicitly given in Appendix B, and dimension
d = 4. The full spectral function associated with the physical part of the correlator
〈
ρ−ρ ρ+ρ
〉
k
(given in eq. (51))
collects all these results, yielding:
ρ−+(τ) = θ(τ− τ1) 1pi Im Fa(τ)+θ(τ− τ2)
2
pi
Im Fb(τ) , (57)
with Im Fa(τ) and Im Fb(τ) given, respectively, in eqs. (105) and (109) of Appendix B.
Putting everything together, we eventually obtain
〈ρ−αρ+α 〉k =
∫ ∞
0
dτ
ρ−+(τ)
τ+ k2
+
{
unphysical
}
, ρ−+(τ)≥ 0 ,
ρ−+(τ) = θ(τ− τ1)R
2
pi2
√
1/4−ω/τ
[
(τ/2−ω)(ω+m2)4+2(M3+µ(ω+M2))2 (ω+m2)2]
+θ(τ− τ2)R+R−pi2
√
(τ−2ωr)2−4(ω2r +θ2)
τ
[
(τ/2−ωr)
(
(ωr+m2)2+θ2
)2
+2
((
M3+µ(ωr+m2)
)2
+µ2θ2
)(
(ωr+m2)2+θ2
)]
(58)
with thresholds τ1 = 4ω, τ2 = 2ωr+ 2
√
ω2r +θ2. Eq. (58) is the spectral representation of the single bubble ap-
proximation to the ρ-correlator.
5.3 Adding (effective) QCD interactions: bubble resummation for N→ ∞ with a contact interaction
The formation of a true bound state requires that we now take into account the QCD interaction structure. In
our model, as in QCD, quarks do not interact directly; the force being mediated by gluons. Since our aim in
this Section is to show that the model accommodates the formation of meson bound states from the unphysical
(positivity-violating) fundamental degrees of freedom and provide semi-analytic estimates of the meson spectrum
of the model, we shall not undergo the very complicated task of taking the full gluon interaction into account.
In this first exploration of the physical spectrum of our model, we consider the observation made in e.g. [75]
that a gluon contact point interaction can give qualitatively good results. Specifically, it is by now well accepted
7. We use for the moment Minkowski notation. The results however can be continued to Euclidean space and complex-conjugate poles, as
discussed in [74].
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that the Landau gauge gluon propagator D(p2) becomes dynamically massive-like in the infrared. We make the
assumption that the gluon is massive-like in the region p < 1-2 GeV, where the relevant infrared QCD physics is
supposed to happen, and that it can be approximated by a constant in momentum space,
D(p2) =
1
∆2
, (59)
or byD(x−y)∝ δ(x−y) in position space. Integrating out at lowest order such gluon leads to a NJL-like (contact)
interaction between the quarks, more precisely one finds after some Fierz rearranging [76] the interaction
1
2
G(q♦q)2 + lower in 1/N , (60)
where♦ ∈ {1, iγ5, i√
2
γµ, i√2γµγ5} and G=
2g2
∆2
N2−1
N . To allow for additional simplification without throwing away
the crucial dynamics, we furthermore consider the leading order in 1/N.
For the coupling G, we estimate an appropriate value as follows. In the Landau gauge, the gluon and ghost
propagator form factors, Zgl(p2,µ2) and Zgh(p2,µ2), can be combined into a renormalization-scale-independent
strong coupling constant,
4pig2(p2)≡ α(p2) = α(µ2)Zgl(p2,µ2)Z2gh(p2,µ2), (61)
where µ is the renormalization scale, see e.g. [77]. Using the most recent lattice data on this matter [78], albeit
for N = 2 without fermions8, which rely on a MOM scheme (Zgh = Zgl = 1 at p2 = µ2, with µ = 2.2 GeV), we
can estimate from their Figure. 5 that α(µ) ∼ 0.5. For the “constant” gluon propagator in the MOM scheme, we
may simply set9 ∆2 = µ2, thereby overestimating the UV and underestimating the IR, to roughly approximate the
coupling G as:
G∼ 8.5 GeV−2 . (62)
Coincidentally, this value falls nicely in the NJL ballpark [80]. We remark here, however, that the NJL parameters
are fixed by matching to experimental data for the hadron spectrum, while in the current analysis we do not use
any such input; our predicted estimates rely solely on lattice data for confined degrees of freedom, i.e quarks and
gluons (or analytical descriptions thereof). In what follows, we use G= 5,7.5,10 GeV−2 as exemplary values.
In the large-N approximation, we can then consistently consider the sum of bubble diagrams10 in our quark
model, see Figure 4. The four-fermion coupling includes a priori all interaction channels♦∈{1, iγ5, i√
2
γµ, i√2γµγ5},
+ + + · · ·
Figure 4: Bubble diagrams for the meson correlator. Full (open) circles represent four-fermion vertices (meson
operator insertions); solid lines are non-perturbative quark propagators.
while the initial and final insertions carry the vectorial character of the ρ meson. In this case, only the vector four-
fermion coupling γµ contributes. Indeed, bubbles that connect a vector insertion γµ with a coupling in a different
channel (i.e. 1,γ5,γµγ5) are absent: they either vanish identically due to Dirac algebra and integration symmetries
or produce a term ∝ kµ f (k2), which does not contribute to the transverse correlator (cf. (45)) under consideration
(see Appendix C for details).
The bubble chain resummation itself reduces thus to a geometric series involving the one-loop result, (58). With
the already derived spectral form at one loop, eq. (58), we then get for the resummed ρ-meson correlator:
R −+(k2) =
F −+(k2)
1+ G2 F −+(k2)
, (63)
where F −+(k2) is the physical part of the correlator 〈ρ−αρ+α 〉k at one loop:
F −+(k2) =
∫ ∞
0
ρ−+(τ)dτ
τ+ k2
. (64)
8. See the recent works [79] for a thorough study including multiple dynamical flavours.
9. We remind here that in the MOM scheme at renormalization scale µ, by definition, D(p2 = µ2) = 1
µ2
. Given the constant propagator
modeling of eq. (59), it looks natural to set ∆2 = µ2 as a kind of mean value for the gluon propagator.
10. This is also known as the Random Phase Approximation (see e.g. [76]).
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An important observation is that the branch cut structure of the resumed expression R −+(k2) is determined by that
of its one-loop counterpart F −+(k2), in particular R −+(k2) has a physical KL form if F −+(k2) does.
5.4 Existence of the physical bound state pole and results for the mass and decay constant
The remaining task is to identify whether R −+(k2) allows for poles in the physical region, max(−τ1,−τ2)< k2 <
0. Therefore, we need to solve the gap equation:
F −+(k2) =−2/G . (65)
As is common for 4d quantum field theories, the quantity F −+(k2) is divergent due to its violent UV behaviour,
explicitly visible from the integral representation (58). We assume dimensional regularization and Landau gauge
renormalization factors to kill off sub-loop divergences, whereas the residual infinities in the composite operator
Green function can be taken care of by additive subtractions in the BPHZ approach. Taking n > 0 subtractions at
scale T > max(−τ1,−τ2) corresponds to
F −+sub (k
2,T ) = (T − k2)n
∫ ∞
0
dτ
ρ−+(τ)
(τ+T )n(τ+ k2)
. (66)
In the current case n≥ 2 is required. If no subtractions were to be necessary, then F −+(k2) is a strictly decreasing
function thanks to ρ−+(τ) ≥ 0, so at most one solution is possible. This property is not necessarily maintained at
the subtracted level, except for n = 1. Consequently, spurious extra solutions can appear, caused by the enforced
functional behaviour after subtraction. Therefore, we take n= 3 in which case only a single solution is found.
Next to the pole of the propagator, also the associated residue carries physical information. With the conventions
of [81, 82], we define the decay constant of the ρ meson, fρ± , via
fρ±mρ±εµ =
〈
0|uγµd|ρ+
〉
, (67)
with εµ the polarization tensor of the ρ+ meson, normalized as εµ · εµ = 3. From the matrix element representation
of the KL spectral density, it becomes clear that 3 f 2ρ±m
2
ρ corresponds to the residue of R −+(k2) at its pole −m2ρ± .
Figure 5: mρ± (full line) and fρ± (dashed line) in terms of T (left) and δ(T ) (right) (see main text for definitions).
In Figure 3, we have displayed the estimates obtained for both the ρ−meson mass m±ρ (T ) and decay constant
fρ±(T ). To get a reasonable value for the subtraction scale T , we rely on the Principle of Minimal Sensitivity
(PMS) as observable quantities should not depend on a chosen subtraction scale. Unfortunately, we were not able
to find a suitable scale using only mρ±(T ) and its first derivative or fρ±(T ) and its first derivative. The next-to-best
PMS strategy that did deliver a reasonable T was provided for by minimizing a suitable combination of the first
derivatives,
δ(T ) = |m′ρ±(T )|+ | f
′
ρ±(T )| , (68)
where the prime denotes ∂/∂T , and we used the rescaled mass and decay constant, mρ±(T ) =mρ±(T )/mρ±(−τ2),
f ρ±(T ) = fρ±(T )/ fρ±(−τ2) to work with dimensionless variables of the same order of magnitude, so that they
influence the minimization with similar weight. We choose the smallest possible scale, viz. T =−τ2, as reference.
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Figure 3 shows that δ(T ) develops a minimum. We find T G=5, 7.5, 10∗ ≈ −0.38,−0.43,−0.46 GeV leading to the
following ρ−meson mass estimates:
mG=5, 7.5, 10ρ± ≈ 0.84,0.83,0.83 GeV . (69)
For the decay constant, we have:
fG=5, 7.5, 10ρ± ≈ 0.13,0.10,0.09 GeV . (70)
The mass estimate is essentially stable, while the decay constant seems to be more sensitive to the value of the
coupling. Even though we are only interested in estimates and will not undergo a detailed error analysis, it is at
least reassuring that we find a result not too far off the experimental ρ meson mass, 775.49± 0.34 MeV [83],
despite the approximations made (contact point interaction, bubble approximation), next to having used heavier
bare quarks (the current quark mass is fixed by available lattice data for the quark propagator: µ= 14 MeV.). The
parameters involved were the 2 vacuum condensates introduced in Section 2 and a value for the coupling G, all
of them fitted or estimated from lattice data in the quark/gluon/ghost sector. We stress that no empirical input was
used, nor any hadron data, in contrast to what is usually done in analogous estimates in NJL models. For the decay
constant, we can quote experimental and lattice estimates, f expρ± ≈ 0.208 GeV [84], f lattρ± ≈ 0.25 GeV [81]. Our
results are somewhat lower, though it must be remarked that the heavier the particle mass, the smaller the decay
will get for a fixed residue. In fact, if one, for example, sets T to its value at G = 5 GeV2 where mρ± equals its
experimental value, we obtain fρ± ≈ 0.16 GeV, whose deviation from the experimental value is of the same size
as for the lattice result.
The attentive reader might wonder why we did not present a similar resummation analysis for the pion, this to
explicitly verify its masslessness in the chiral limit.
We can compare the situation to the NJL model, see e.g. the review [80]. There, it is explicitly shown that
(at one loop) the pion pole mass remains zero in the chiral limit, in accordance with the earlier current algebra
argument. The main reason we did not include such explicit analysis is the following. In the approximation
we are working with, we would be tempted to use the nonlocal pion field eq. (30) and proceed in analogy with
[80]. In this case we would be working with the nonlocal version of the model, after integrating out the auxiliary
fields, and we could also stick to using only a quartic (ψψ)2 interaction, as for the vector meson. This setup is
however not sufficient to guarantee a consistent leading-order estimate of the position of the pole for the pion in
our model, which can only be attained through a much more technical procedure. The physical reason for this is
the fact that the pion operator in our model is a nonlocal quantity which is affected by interactions. Therefore,
any calculation that includes interactions explicitly to a certain order should also adopt a pion field operator that is
consistent to the same order.We believe such a technical discussion is out of the scope of the current paper and our
general understanding is that, given the current algebra proof that the (nonlocal) pion is massless in our model, this
property will anyhow be satisfied if interactions are added in a consistent way (vertices respecting the symmetries;
consistentsummation of diagrams, etc), in complete analogy with what happens in the NJL example.
6 Summary and outlook
We presented a novel quark model that displays quark positivity violation and dynamical chiral symmetry breaking,
so that the mesonic spectrum can be described as composed of bound states of unphysical (positivity-violating)
degrees of freedom. This positivity violation can be interpreted as a messenger of confinement, since no observable
quark singlets can enter the spectrum. We have described the dynamical origin of the model and showed that
its predicted tree-level quark propagator has an analytical expression (with one real and two cc poles) that fits
well the available lattice data and violates both reflection positivity conditions for the fermionic Ka¨lle´n-Lehmann
spectral representation. The formation of mesonic bound states was also addressed and estimates of mass and
decay constant of the vector (ρ) meson were presented, as an example of the predicting capability of the proposed
framework.
The renormalizability of the confining quark model guarantees that its ultraviolet behavior is equivalent to that
of perturbative QCD. On the other hand, the infrared non-perturbative physics is also encoded, since the underlying
quark excitations are shown to have a tree level behavior which is compatible with lattice data for the propagator
in the Landau gauge, allowing also for mesonic mass estimates. In this sense, the quark degrees of freedom in the
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model seem to describe well a large momentum range, successfully interpolating between perturbative QCD and
the infrared non-perturbative regime of strong interactions.
Moreover, the model has a dynamical origin, inspired by the Gribov-Zwanziger framework for the gluon sector,
and has soft BRST breaking as a crucial ingredient to realize an extended consistent scenario of color confinement,
in which both gluons and quarks violate positivity conditions and cannot be associated with asymptotic particles.
Interestingly, the available soft BRST breaking terms in the quark sector also generate DχSB, suggesting a possible
route to investigate the possibility of confinement and chiral symmetry breaking as related phenomena.
There are many issues that can be analyzed in the near future using the setup presented here. An interesting
application that is underway [39] is the extension of the model to study quark thermodynamics at finite temperature
and density. It would of course be interesting to consider as well a full-blown study of the effective action Γ; a
challenging task [51, 52] which can, however, avoid using lattice input.
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A Positivity conditions from the spectral representation for Dirac fermions
In this Appendix we outline the derivation of a spectral representation for Dirac fermions, following [73]. In what
follows, we work first in Minkowski space and afterwards we can extract the Euclidean version .
The decomposition of the fermion propagator in a complete set of momentum eigenstates yields:
〈0|ψ(x)ψ(y)|0〉 =
∫ ∞
0
daρ+(a)(i/∂+a)∆(x− y;a2)+
∫ ∞
0
daρ−(a)(i/∂−a)∆(x− y;a2) ,
(71)
where:
∆(x− y;m2) =
∫ d3p
(2pi)3
e−ip·(x−y)
2
√
~p2+m2
, (72)
ρ+(a) ,≥ 0 (73)
ρ−(a)≥ 0 . (74)
The positivity of the functions ρ±(a) is directly related to the positivity of the norm of fermionic states with given
spin and parity (JP = 12
±
) in Hilbert space (cf. [73], for explicit expressions). In perturbation theory, one has
ρ+(a) = δ(a−m) and ρ−(a) = 0.
The Feynman propagator may be constructed from this result, including the time-ordering operator:
〈0|Tψ(x)ψ(y)|0〉 =
∫ ∞
0
da
[
ρ+(a)(i/∂+a)+ρ−(a)(i/∂−a)
]
[
θ(x0− y0)∆(x− y;a2)+θ(y0− x0)∆(y− x;a2)
]
,
=
∫ d4p
(2pi)4
e−ip·(x−y)
∫ ∞
0
da
(
ρ+(a)
i
/p−a+ iε +ρ−(a)
i
/p+a+ iε
)
, (75)
where the contributions of solutions of the Dirac equation with positive and negative energies (i.e. particle and anti-
particle) are made explicit and connected to the (positive) spectral functions ρ±. This result may be rearranged in
17
the standard KL representation in momentum space:
〈0|Tψψ|0〉p =
∫ ∞
0
da
i
p2−a2
[
ρ+(a)(/p+a)+ρ−(a)(/p−a)
]
=
∫ ∞
0
da
i
p2−a2
(
/p[ρ+(a)+ρ−(a)]+a[ρ+(a)−ρ−(a)]
)
(76)
=
∫ ∞
0
ds
i
p2− s
(
/p
ρ+(
√
s)+ρ−(
√
s)
2
√
s
+
ρ+(
√
s)−ρ−(
√
s)
2
)
(77)
=
∫ ∞
0
ds
i
p2− s
(
/pρv(
√
s)+ρs(
√
s)
)
(78)
with the spectral functions satisfying the following relations:
ρv(a) =
ρ+(a)+ρ−(a)
2a
, (79)
ρs(a) =
ρ+(a)−ρ−(a)
2
. (80)
Using ρ± ≥ 0, the positivity conditions become:
ρv(a)≥ 0 ,
aρv(a)−ρs(a) = ρ−(a)≥ 0 . (81)
Finally, for the propagator in momentum space we may write:
〈0|Tψψ|0〉p = /pσv(p2)+σs(p2) , (82)
σv(p2) =
∫ ∞
0
ds
i
p2− sρv(
√
s) , (83)
σs(p2) =
∫ ∞
0
ds
i
p2− sρs(
√
s) , (84)
σ−(p2) =
∫ ∞
0
ds
i
p2− s
[√
sρv(
√
s)−ρs(
√
s)
]
(85)
where σv and σ− are the scalar functions extracted from the propagator that should satisfy the Osterwalder-Schrader
axiom. Note that σs does not need to be positive . It is also interesting to realize that the simple assumption of
existence of a asymptotic Dirac particle/anti-particle leads directly to a KL representation for the corresponding
two-point function. So, in this standard analysis, the existence of a KL representation is directly built in.
From the form of the free propagators in Minkowski and Euclidean space,
∆M(/p) =
i
/p−m , (86)
∆E(/p) =
1
i/p+m
=
−i/p+m
p2+m2
, (87)
one infers directly the relation between these quantities: ∆E(/p) = i∆M(−i/p). In the KL representation eq. (78), this
same transformation implies that the positive spectral functions remain the same in Euclidean space:
∆E(/p) =
∫ ∞
0
ds
1
p2+ s
(− i/pρv(√s)+ρs(√s))=−i/pσEv (p2)+σEs (p2) , (88)
ρv ≥ 0 , (89)
aρv(a)−ρs(a) = ρ−(a)≥ 0 ⇔ aρv(a)≥ ρs(a) , (90)
with the definitions:
σv(p2) =
∫ ∞
0
ds
1
p2+ s
ρv(
√
s) , (91)
σs(p2) =
∫ ∞
0
ds
1
p2+ s
ρs(
√
s) . (92)
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Inspection also reveals that the KL representation always follows the form of the free propagator of the theory,
which is nice for bookkeeping.
Furthermore, going back to the Osterwalder-Schrader axiom of reflection positivity, one may identify the scalar
functions extracted from the fermion propagator that should enter the (positive) Schwinger function in eq.(34) as
σv(p2) and
σ−(p2) =
∫ ∞
0
ds
1
p2+ s
[√
sρv(
√
s)−ρs(
√
s)
]
. (93)
It is however more convenient to look at the second positivity condition, eq.(90), through the last inequality,
namely: aρv(a)≥ ρs(a). This relation gives a straightforward relation between the corresponding Schwinger Func-
tions, since in Euclidean space they are related by a Laplace Transform, which in turn does not affect the inequality.
Indeed:
aρv(a)≥ ρs(a) (94)
⇒
∫ ∞
0
daaρv(a)e−ta ≥
∫ ∞
0
daρs(a)e−ta (95)
⇒−∂t
∫ ∞
0
daρv(a)e−ta ≥
∫ ∞
0
daρs(a)e−ta (96)
⇒−∂t∆v(t)≥ ∆s(t) (97)
where ∆I(t) are the Schwinger functions:
∆I(t) =
1
2pi
∫ ∞
−∞
dpeiptσI(p2) . (98)
In the last line we have used the fact that in Euclidean space the Schwinger function obeys:
∆I(t) =
1
2pi
∫ ∞
−∞
dpeiptσI(p2) (99)
=
1
2pi
∫ ∞
−∞
dpeipt
∫ ∞
0
ds
ρI(
√
s)
p2+ s
(100)
=
∫ ∞
0
daρI(a)e−at . (101)
Note that, in writing the Schwinger function as a Laplace transform of the spectral function, the existence of a KL
representation is assumed.
B Imaginary parts contributing to the spectral representation of the ρ meson
In this Appendix we write down explicitly the three physical contributions, of the form (53), to eq. (51) in dimen-
sion d = 4.
m21 = m
2
2 = ω and f = 8 f
−+
ρ R
2:
Im Fa(E2) =
1
8pi
|~qa|
E
8R2 f−+ρ
(
(E,~0),(ωa,2,~qa)
)
, (102)
with
|~qa|2 ≡ E
2
4
−ω , ω2a,i ≡
E2
4
, (103)
and (k−q)2 = m21 7→ ω, q2 = m22 7→ ω, and 2q · (k−q) = E2−m21−m22 7→ E2−2ω, so that
f−+ρ
(
(E,~0),(ωa,2,~qa)
)
= [E2/2−ω][ω+m2]4+2{M3+µ[ω+m2]}2[ω+m2]2 . (104)
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The final form of this contribution is:
Im Fa(E2) =
1
pi
√
E2/4−ω
E
R2
{
[E2/2−ω][ω+m2]4+2{M3+µ[ω+m2]}2[ω+m2]2} ,
(105)
and the threshold for multiparticle production (related to τ0, the lower limit of integration of the spectral represen-
tation) is τ1 = 4ω.
m21 = ωr+ iθ, m
2
2 = ωr− iθ and f = 8 f−+ρ R+R−:
Im Fb(E2) =
1
8pi
|~qb|
E
8R+R− f−+ρ
(
(E,~0),(ωb,2 = ωb,−,~qb)
)
,
(106)
with
|~qb|2 ≡ (E
2−2ωr)2−4(ω2r +θ2)
4E2
, ω2b,± ≡
(E2−2ωr)2−4(ω2r +θ2)
4E2
+ωr± iθ , (107)
and (k−q)2 = m21 7→ ωr+ iθ, q2 = m22 7→ ωr− iθ, and 2q · (k−q) = E2−m21−m22 7→ E2−2ωr, so that
f−+ρ
(
(E,~0),(ωb,−,~qb)
)
= [E2/2−ωr]
[
(ωr+m2)2+θ2
]2
+
+2
{[
M3+µ(ωr+m2)
]2
+µ2θ2
}[
(ωr+m2)2+θ2
]
. (108)
The final form of this contribution is:
Im Fb(E2) =
1
pi
√
(E2−2ωr)2−4(ω2r +θ2)
2E2
R+R− ×
×
{
[E2/2−ωr]
[
(ωr+m2)2+θ2
]2
+2
{[
M3+µ(ωr+m2)
]2
+µ2θ2
}[
(ωr+m2)2+θ2
]}
(109)
and the threshold is in this case τ2 = 2ωr+ 2
√
ω2r +θ2, below which the square root above becomes imaginary,
signaling the instability related to multiparticle production.
m21 = ωr− iθ, m22 = ωr+ iθ and f = f−+ρ R+R−: it is straightforward to see that this contribution will be exactly
the same as in (b), eq. (109).
C Absence of channel mixing in the bubble chain resummation
Let us show that bubbles that connect a vector insertion γµ with a coupling in a different channel (i.e. 1,γ5,γµγ5) are
absent: they either vanish identically due to Dirac algebra and integration symmetries or produce a term ∝ kµ f (k2),
which does not contribute to the transverse correlator (cf. (45)) under consideration. Indeed, the basic integral
Iµ♦(k) =
∫ d4p
(2pi)4
−Tr[(i/p+m)γµ(i/p− i/k+m)♦]
[p2+m2][(p− k)2+m2] (110)
furnishes the following trivial results for nonvector♦-insertions,♦ ∈ {1,γ5, 1√
2
γµγ5}:
• ♦= 1: in this case, the Dirac trace in the integrand of eq. (110) reduces to
Iµ−(k) =
∫ d4p
(2pi)4
−Tr[(i/p+m)γµ(i/p− i/k+m)]
[p2+m2][(p− k)2+m2]
= −4im
∫ d4p
(2pi)4
2pµ− kµ
[p2+m2][(p− k)2+m2] ∝ kµ f (k
2) , (111)
where the last line is obtained after the introduction of a Feynman parameter in the usual way. Recalling
that we are computing a two-point correlation function which is transverse, cfr. (45), it is straightforward to
conclude that this term ∝ kµ does not contribute to our observable.
20
• ♦= γ5: the Dirac trace in the integrand of eq. (110) vanishes identically.
Iµ5(k) =
∫ d4p
(2pi)4
−Tr[(i/p+m)γµ(i/p− i/k+m)γ5]
[p2+m2][(p− k)2+m2] = 0 , (112)
• ♦= 1√
2
γργ5: in this case, only the term with four gamma matrices survives:
Iµρ5(k) =
1√
2
∫ d4p
(2pi)4
−Tr[(i/p+m)γµ(i/p− i/k+m)γργ5]
[p2+m2][(p− k)2+m2]
= 4i
1√
2
∫ d4p
(2pi)4
pσ(pν− kν)εσµνρ
[p2+m2][(p− k)2+m2] = −4i
1√
2
kνεσµνρ kσ f (k2) = 0 , (113)
where we have used the antisymmetry of the ε-tensor, while we introduced again a Feynman parameter in
the last step.
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